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Abstract-Symmetry-adapted icosahedral harmonics have been obtained by using a new method 
baaed on the geometrical and topological properties of icosaedral spatial arrangements of charged 
particles. This study has allowed us to show that especially for groups of high symmetry, our method 
proved to be more simple and advantageous than others existing in the literature, as for instance the 
projection operator classical method. 
1. INTRODUCTION 
In a previous paper [I], we proposed a new method to obtain symmetry-adapted functions for 
the different point groups as linear combinations of surface spherical harmonics. Such a method 
involves the use of the geometrical and topological properties of sets of spatial arrangements of 
equivalent charged particles. 
As we pointed out, the above-mentioned method is especially suitable for groups of high sym- 
metry. Thus, in this paper we illustrate the method by applying it to the icosahedral group Ih, 
which is the finite point group of the highest molecular symmetry, and the only one with ir- 
reducible representations of degree higher than three. This makes the obtention of icosahedral 
harmonics not trivial. 
Table 1. Sets of icosahedral equivalent particles. 
kt nt Polyhedron 
On the other hand, up to a few years ago, the icosahedral group had not aroused great interest 
from a chemical or physical view point because few examples of structures with this symmetry 
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were known. However, the prospect has changed radically in the last years. Thus, the quasicrys- 
tals have opened a fascinating new field in physics [2,3]. At the same time, in the chemical field, 
the finding out of the Buckminsterfullerene has become a wonderful event [4,5]. Consequently, it 
is interesting to dispose of symmetry-adapted functions of the icosahedral group because of its 
possible applications in theoretical calculations. 
Other methods have been used before to obtain icosahedral tensors [6] and icosahedral har- 
monics [7,8], but none of them made use of the above-mentioned geometrical and topological 
properties. Thus, for instance, in [7], the classical projection operator method [9] was used, 
which is rather more tedious than the method proposed here. We think this study shows that, 
especially for groups of high symmetry, our method proved to be more simple and advantageous 
than others existing in the literature. 
The icosahedral-rotation group, I, is a subgroup of the sphere’s rotation group K; therefore, 
there exist icosahedral harmonics of order 1 that are the basis of those representations of I which 
are contained in the representation !D (l) of group K. The spherical harmonics with even and 
odd values of 1 are respectively symmetrical and antisymmetrical with respect to the inversion 
element; hence, the icosahedral harmonics of order 1, which are the basis of a representation I? 
of I, are the basis of rs or rU of Ih if 1 is even or odd, respectively. According to this, for the 
attainment of the icosahedral harmonics, it is only necessary to keep in mind the icosahedral 
rotation group. 
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Figure 1. Sets of equivalent particles. 
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Figure 1. (cont.) 
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2. ICOSAHEDRAL SETS OF EQUIVALENT PARTICLES 
Four sets of equivalent particles et exist for group I; each of these sets can be generated by 
applying the icosahedral symmetry transformations to an initial starting particle located on a 
certain symmetry axis. The order IQ of such axes, the number nt of particles, and the resultant 
polyhedra are shown, for each set et, in Table 1; these polyhedra with the numeration along its 
vertices and the adopted coordinates axes can be seen in Figure l(a)-(d). It is easy to verify that 
the number of particles of every set can be obtained by dividing the order of I by the order of 
the symmetry axis on which the initial starting particle is located. 
The sets (I?, have symmetry centre; hence, according to [l], every set can be divided into two 
subsets: e, = e$ U (I?,. The Cartesian coordinates for each 6’: are shown in Table 2, those 
corresponding to e, can be obtained from the relations: z; = -xi, E = -yi, z; = -zi. For 
each e,, we have chosen a different distance from the origin to the particles so that the Cartesian 
coordinates can be expresed in a simple form by using the golden number. 
Table 2. Cartesian coordinates of the particles for every (!!z set of the I point group. 
Cl G- (2 (2 
e 
X Y z x Y z I Y z x Y 2 
1 1 0 3Q 1 cp a+1 0 1 a+1 1 0 * 
2 2 @ 2+++ -1 9 @$I @ Q, * O@p1 
3 2 -@ 2+ + 1 a+1 1 cp -Q + 9 @ 1 0 
4 1 2@ a+2 -9-l 1 Q, a+1 0 1 cp -1 0 
5 -1 2* ++2 @ 9+1 1 1 9+1 0 0 -cp 1 
6 9+2 1 2+ -Qj 9+1 1 1 -@-1 0 -1 0 + 
7 a+2 -1 2* 2@ 0 0 -@-1 0 1 
8 Q 2@ + 1 2 0 2+ 0 -a -Q + 
9 -@ 29+1 2 0 0 29 @ -@ @ 
10 0 3+ 1 -3 -1-a 1 0 -1 @+l 
11 2@ + 1 2 @ Q -1-a 1 
12 29+1 -2 QJ -1-a -1 Q 
13 2@ a+2 1 a+1 -1 + 
14 -2@ a+2 1 -1 -a a+1 
15 3@ 1 0 1 -* a+1 
16 39 -1 0 
17 2@ -a-2 1 
18 -2cp -9-2 1 
19 -29 - 1 2 @ 
20 -2Q- 1 -2 Q 
21 0 -39 1 
22 @ -2Q - 1 2 
23 -@ -2Q - 1 2 
24 -@p-2 1 29 
25 -a-2 -1 2@ 
26 1 -2+ *+2 
27 -1 -2Q cp+2 
28 -2 @ 2@ + 1 
29 -2 -9 2++1 
30 -1 0 30 
where @ = (1 + A)/2 is the “golden number.” 
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Table 3. Characters and reduction of the representations A$ and A; of the I point 
group. 
12cs” 
1 
1 
0 L 0 0 0 0 0 
Reduction 
A@H 
7’1 @ 7’2 
A@G@H 
TI @a T2 @ G 
A$G@2H 
Tl@Tz@G@H 
A@Tl@Tz$2G@3H 
2T1@2Tz$2G092H 
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Each 12, generates two reducible representations, At and A,, whose characters and reductions 
to irreducible representations of group I are shown in Table 3. This table can help us to decide 
the set et that can be used to obtain the basis functions for every irreducible representation of I. 
Thus, we can make use of C!, for the obtention of icosahedral harmonics, for the representation I?, 
with even or odd values of 1 if I? is contained in A$ or A;, respectively. The chosen set for every 
irreducible representation, according to the parity of 1, is indicated in Table 4. 
Table 4. Chosen sets et for the irreducible representations of the I point group. 
Representation 
I+ 
A e, - 
Tl e4 e, 
T2 e4 e, 
G e2 e2 
H e, e3 
i , 
(a) Cl. 
Figure 2. Schlegel’s diagrams. 
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Figure 2. (cont.) 
3. ADJACENCY MATRICES AND THEIR DIAGONALIZATION 
In order to build the matrices M$ and Mtv, defined in [l], it is helpful to represent the sets (3, 
by means of Schegel’s diagrams [lo] like those of Figure 2(a)-(d). 
According to Table 4, it is necessary to diagonalize the matrices MT, M,, A!&!, MT, M-j-, 
and M4+, which are the following: 
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Figure 2. (cont.) 
M2+ = 
M; = 
f 
0110000001 
1001100000 
1000011000 
0100001010 
0100010100 
0010100010 
0011000100 
0000101001 
0001010001 
\l 0 0 0 0 0 0 1 10, 
(01 10 0 0 0 0 0 1 
10 0 110 0 0 0 0 
10 0 0 o-1 1 0 0 0 
010 0 0 0 -1 0 1 0 
01 0 0 0 -1 0 -1 0 0 
0 0 -1 0 -1 0 0 0 1 0 
0 0 l-l 0 0 0 1 0 0 
00 0 0 -1 0 1 0 0 1 
00 0 10 10 0 0 1 
,10 0 0 0 0 0 1 1 0 
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M; = 
(011 0 10 0 01 0 0 0 0 0 0 
100 10 10 01 0 0 0 0 0 0 
100 0 10 100 0 0 0 1 0 0 
010 0 0 l-l 00 0 0 1 0 0 0 
101 0 0 0 0 10 -1 0 0 0 0 0 
010 10 0 0 10 0 -1 0 0 0 0 
001-l 0 0 0 00 0 0 -1 1 0 0 
000 0 11 0 0 0 -1 -1 0 0 0 0 
110 0 0 0 0 00 0 0 0 0 1 1 
0 0 0 o-1 0 O-10 0 0 1 0 1 0 
000 0 0 -1 O-10 0 0 0 1 0 1 
000 10 O-l 00 10 0 0 1 0 
001 0 0 0 100 0 1 0 0 0 1 
000 0 0 0 0 01 10 1 0 0 1 
,000 0 0 0 0 01 0 1 0 1 1 0 
011000000000000000000000000001 
100101000000000000000000000000 
100000100000000000000000010000 
010010010000000000000000000000 
000100001000000000000000000100 
010000100010000000000000000000 
001001000001000000000000000000 
000100000100100000000000000000 
000010000100010000000000000000 
000000011000000000001000000000 
000001000000101000000000000000 
000000100000000110000000000000 
000000010010000001000000000000 
000000001000000010100000000000 
M4f = 
000000000010000100010000000000 
000000000001001000100000000000 
000000000001010000000100000000 
000000000000100000010010000000 
000000000000010100000001000000 
000000000000001001000000100000 
000000000100000000000110000000 
000000000000000010001000010000 
000000000000000001001000001000 
000000000000000000100000100100 
000000000000000000010001000010 
001000000000000000000100001000 
000000000000000000000010010010 
000010000000000000000001000001 
000000000000000000000000101001 
100000000000000000000000000110j 
We have obtained the eigenvalues of the above matrices by using Jacobi method [ll]; because 
of the simplicity of these matrices, it is easy to obtain analytically their eigenvectors from the 
corresponding eigenvalues by solving the resultant linear equations. The obtained results are 
shown in Table 5. 
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Table 5. Eigenvalues and eigenvectors of the matrices M,’ and kfiW. 
M,’ r X*(n)+ i $(IY)~ 
M,f A 5 1 {l,l, 1, l,l, 11 
H -1 1 {Vi, -a, 1, 1, -@, a-‘} 
2 ~1,0,0,0,0,-1) 
3 (0, LO, 0, -LO) 
4 {0,0,1, -1,0, 0) 
5 {P, -W-2, -x/S, -k/x, -9-2, @} 
M; 7’1 & 1 {a, l,O, 0, 1, @P) 
2 ~1,0,@>~,0,--1~ 
3 (0, a, 1, -1, -@, 0) 
T2 -v5 1 I-L@,O,O,@, -1) 
2 {-@,O,Ll,O,~) 
3 (0, 1, -@, Qr, -1,O) 
M,’ G -2 1 (2, -3, -3,2,2,2,2, -3, -3,2} 
2 {O,-1,1,2,0,0,-2,1,-1,O) 
3 {2,-l,-1,0,0,0,0,1,1,-2) 
4 {O,l,-l,O,-2,2,0,1,-LO} 
M2- G 0 1 to, 1, -1,0,0,u,0,1,-1,0~ 
2 {2,-l,-l,-2,0,0,-2,-l,-1,2) 
3 {O,l, -1, -2,2,2,2, -1, LO} 
4 {2,1,1,0,-2,2,0,-L-1,-2} 
M3- H -2 1 {l,-I,-1,1,0,0,0,0,0,0,0,-1,1,1,-l} 
2 {O,O,-l,-l,l,l,O,-2,0,-l,-1,1,1,0,0} 
3 {l,-1,1,-l,-2,2,0,0,0,-2,2,1,-1,1,-l} 
4 {l,l,O,O,-l,-l,O,O,-2,-l,-1,0,0,1,1} 
5 {l,-l,-1,1,0,0,2,0,0,0,0,1,-L-1,1} 
M: Tr a-2 1 {-2+, -1, -l,l, -l,@,CJ,@, -@,O, -@2, -32, -@,@,O, 
0, --a, Q, Q, P,o,+, -a, -@, -92, 1, -l,l, 1,29} 
2 (0, -@2, @J, @, CJ, -CJ, a, -1, -1, -29,9, -@,I, l,O, 
0, -1, -l,@, -@,29,1,1, -@, 9, -92, -P, -92, P,O} 
3 {O,-9,~,~,-~,-1,1,92,-~2,0,1,-1,-~2,~2,2~, 
- 2@,@, -@2, -l,l,O, -@2, @,l, -1, -+,@,a, -@,O} 
7’2 -a2 1 {O, -a,+,@, -@,@2,-a2, -l,l,O, -@, CJ, 1, -1,2@, 
- 2cp, -l,l,P, -P,o, 1, -1, -Q, cp2, -+,@,a, -@,O} 
2 {-2CJ, P, @, -@, @, -1, -1,9, -+,o, l,l, --+,a,0 
0, --a,@?, -1, -1,0,9,-a, l,l, -P,@, -@, -02,2@} 
3 {0,-1,1,1,1,~,-~,-~~,-~~,2~,-~,~,~~,~~,0, 
0, -@2,-P, -9,3, -2@, @,P,*, -9, -1, -1, -l,l,O} 
t&(R) is the ith eigenvector, which is transformed according to r, into matrix M,*. 
T A’ (IA) is the eigenvalue corresponding to 0’ (I?). 
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From the components of the above-mentioned eigenvectors, the coefficients B(N)i, (which 
have been defined in [l]) can easily be obtained by using equation (22) of [l], and hence, the 
symmetry-adapted functions of the icosahedral point group by using equation (21). The no null 
values of the B(T’l)i, coefficients for m 2 0 up to 1 = 6 can be seen in Table 6; the coefficients 
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Table 6. Coefficients B(l?l)i, for the icosahedral harmonics. 
1 rim B(rZ)i, 1 r i m mh, 1 rim ma, 
1 Tr 1 0 1 4 H 5 0 -5116 6 TI 1 1 a&%/l6 
2 1 --l/A 2 7184 3 -v%/16a2fi 
3 1 l/Jz 4 &%/lSfi 5 -(4 3@)/16& + 
2 1 -~‘%/16@ 
2 H 1 2 l/fi 5 Tl 1 0 -3/@ 3 -Q2&/16& 
2 1 -l/A 2 VW3 5 -(7 - 3@)/16fi 
3 1 l/A 4 fill6 3 2 &%/16fi 
4 2 -l/J2 2 1 -(a + 3)ti/l6 4 V%/8 
5 0 1 3 -3fi/l6+& 6 -3&/16& 
5 (3@ - 1@/16d 
3 T2 1 0 -l/2 3 1 -(4 - @)&/I6 6 G 1 0 -&i/IS 
2 
-@J$J 
3 -3W?/l6& 2 -11132 
2 1 5 (3Q - 2)fi/16& 4 76132 
3 l/4@ 6 a/32 
3 1 &i/4@ 5 Tz 1 0 fi/8 2 1 -(54, -4)/8x& 
3 -M/4 2 -&4fi 3 (3cP - 2)/16 
4 3msJz 5 -@m/16 
G 1 2 -l/d 2 1 V%/SOfi 3 1 (5Q - l)lSJz 
2 0 VW2 3 (5@ - 1)/16 3 -(3@ - I)/16 
2 -l/J% 5 3Q2/16 5 m/16@ 
3 1 -l/4@ 3 1 -@@i/a& 4 2 7116 
3 @A/4 3 (5@ - 4)/16 4 &%% 
4 1 @/4 5 -3/l@@ 6 x&/16 
3 vq4ip 
5 H 1 2 
-$R 14 55 
6 H 1 0 Ji@&fi 
4GlO m 4 2 -v%/l6ti 
4 &-?x 2 1 J?/l6@” 4 -fill6 
2 1 x/?/4+& 3 -(6 - @)&/lS\/z 6 -fi,‘16J2 
3 -(O + 3)/4& 5 -5Qfi/16& 2 1 -(3@ - 2)/16 
3 1 cpJ5/4fi 3 2 -JI 3 -(7@ + 4)/16& 
3 -(4 - @)/4& 3 4 -Jm 5 -&+6+2& 
4 1 -7/x!% “: -&!iij/16 3 1 -(3@ - 1)/16 
3 -&qz) -VW3 3 -(7+ - Il)/lSv’? 
4 J’5/16 5 @2fl/16& 
1 H 1 0 7x1%/16& 5 1 -a2fi/16 4 2 -5fi/l6fl 
2 VWSJZ 3 (@ + 5)&/16fi 4 VW8 
4 -7\/5/16& 5 -5&/169& 6 fi/lS& 
2 1 -(a -I- 3)/4& 5 0 fi/4Js 
3 -&j4WJ 6 A 1 0 -fill6 2 5&/4v% 
3 1 -(4 - @)/4J3 2 &i/32 4 -l/16 
3 -*fi/4& 4 fi/lSfi 6 %!%/4~ 
4 2 &/2& 6 y/ii%/32 
4 -7126 
for negative values of m can be obtained from the following recurrence relation: 
B(Iyi_, = (-1)“+[“/21+l+ig(rl)imr 
where n is the dimension of representation I? and [n/2] is the integer part of n/2. 
(1) 
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